In the present paper we shall use the results in two previous papers' by the authors to obtain (Theorem I) the exact number, explicitly in terms of p, n, ki and k2, of solutions of the equation, if 0 < ai < p" -1, (p" -1, ai) = ki, i = 1, 2; ClXla1 + C2X2a2 + C3 = 0, (1) in xl and x2, non-zero elements of a finite field F(p') of order pn, p an odd prime with C1, C2, C3 given elements of F(p'), c1c2c3 $ 0, in certain special cases. Secondly, we shall find limits (Theorem II) for the number of solutions of (1) which are better than those given in C for the solutions of this particular equation, and which have the unusual property that they agree with the exact values found for the number of solutions in the special cases treated in Theorem I. We shall employ the notation used in H (defined in (9b) just below relation (14) of that paper).
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Let a be a primitive (dsls2)-th root of unity, m = ds1s2 where ds, = k12 ds2 = k2 where (k1, k2) = d, whence (sl, s2) = 1. Let X-1 be a special kicharacter and xt, a special k2-character in F(p') and write, if K stands for F(p'), (x'k) = EaP1S ind (a) 
. (4) where in the last term x;A # 1, xX2 ' 1, xAxI'2 $ 1, and divide the discussion into seven cases in order to express s in terms of integers only. Because of (3) and x(a) = -1 for ,ul = O, A2 $ 0, also for A,$ 0 0,s,2 = 0, this is always possible. The cases are: To reduce A in this case, we take all the terms in which x" $ 1, X* = 1 and then subtract all the terms from the result in which xlZx2 = 1 witli x$ 1 1, xk2 $ 1 and employ (3). The terms of the first type give (k1 -1) (k2-1)pn'(-1)TAs in the proof of (18) 
Similarly for cases III, IV, etc., we have N3 = pn + 1 -k1 + (k1 -2)pnl(-1)r. in x1 and X2, non-zero elements of a finite field F(p') of order p', p an odd prime, with c1, C2, c3 given non-zero elements of F(pn) with Ni, i = 1, 2, 7, the number of solutions in the corresponding seven cases numbered I, II, ... . VII, given just above the relation (5); 0 < ai < pnl -(ai, pn 1) = k1, i = 1, 2; m = ds1 s2, ds1 = k1, ds2 = k2, (k1, k2) = d; n = 2n1, p belongs to the exponent 2t modulo m, n1 = rt with pt -1 (mod m), then the vacu.-s of Ni are given by the relations (6)-(12), inclusive.
Mitchell2 obtained these results for the special case when ki = k2 by a more complicated method.
VOL. 35, 1949 We now use (4) to find closer limits for N in the special case when s = 2, than those found in C for equation (1) Now every term on the right of (4) is real so that we may write N . M + JAI and N> M -A and using the known result T (X)I = pnl2, X s XO,
we have, if (14) and (15) For the case when n = 1 and ki = k2 is an odd prime, Hurwitz3 by a different method proved the above theorem using rational integers only. His argument is much longer than ours. For the particular cases treated in Theorem I the exact value for N agrees with the limits found in Theorem II, when cl = c2 = c3, with the superior limit when r is odd and the inferior limit uhen r is even. For the case n = 1, k1 = k2 an odd prime, this fact was noted by Mitchell,2 who also stated that Hurwitz's method could be extended so as to obtain limits for the case when n is general, which had a similar property.
1 These PROCEEDINGS, 35, 94-99 (1949) , this will be referred to as C; 35, 451-457 (1949) , this will be referred to as H.
2 Ann. Math., H, 18, 120 (1917 ). 3 Crelle, 136, 272-292 (1909 . 4 As a check on the accuracy of our work, the present problem was discussed in a mathematical seminar, using a different method of proof. During the resulting discussion, Mr. Olin B. Faircloth made a suggestion, which, when used in connection with the method employed in this paper yielded a better superior limit for N, than that which we originally had. In two recent papers' the authors considered the equation
in the x's, where the a's are integers such that 0 < a < pn-1; S > 2 for c6+i # 0, and s > 2 for c8+1 = 0 the c's being given elements of a finite field of order pn, p an odd prime, which will be designated by F(p'); and cIc2 ... csx1x2 ... xs #0 (2) in F(pn). Limits were found for the number of solutions of (1) and it was proved that for pn sufficiently large (1) always had solutions under the restriction (2). In the statement above concerning (1) we made the provision that s > 2 for c8+, # 0. If we consider the case where s = 1,
(1) reduces to the equation
with c1c2 #£ 0. Since any finite field can be represented by means of the residue classes with respect to some prime ideal in an algebraic field, then examination of the solutions of (3) is included in the theory of the congruence xn .a (mod p), (4) where a is an integer in an algebraic field K, p is a prime ideal in that field and a 0 (mod p). The studr of the last relation led to the theory of the class field and the laws of reciprocity for nth powers.2 VOL. 35, 1949 
